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Abstract

A development and analysis of a single controller,

bc.fore and after the elimination of "spillover" terms, is

implemented to attempt to achieve desired rusponse charac-

teristics of the structure under evaluation. Using this

derived data as a basis for comparison, a pair of decentral-

ized controllers are implemented on the structure. The

characteristics of the structural response is dramatically

improved through the implementation of these decentralized

controllers. Problems encountered with the implementation

of more than two decentralized controllers are investigated.

The structure used in the controller evaluation is a

lumped mass tetrahedron. The four masses of this model are

connected through isotropic massless rods capable of support-

ing axial loading only (no bending). NASTRAN is used to

develop a normal mode approximation of the structure, while

providing mode shape and frequencies for the resultant

twelve mode model. Pointing accuracy of the apex is used in

determining figures of merit to evaluate the effectiveness

o the control applied. Control is applied through each of

the 6 sensor/actuator pairs located on the model.

Controllers are developed using linear optimal tech-

niques which produce feedback gains proportional to the state.

The state is represented as modal amplitudes and velocities.
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The fe- idback gains are tst abli shed vi fstt.dy s -atC opl imal

rtgulator theory. The system respon se is evaluated initially

using ,nily a single controller on an eipht mode truncated

model then on the entire twelve mode model. A comparison is

made with the system prior to the eliminio ion of the olserva-

tion spillover and after the transformation technique is

applied. For the study, four modes are desirnated as control-

led and four as suppressed. The remaining, modeled modes are

designated residual. An additional controller is added with no

addition of sensors or actuators. While the response of the

single controller system is unable to meet the design criteria,

the addition of a decentralized controller more than adequately

achieves the desired response.

The modes designated as residual show very little

movement as a result of any of the control forces required or

transformations applied to the various systems. As a result

3of the choice of the higher frequency, modes as residual is

verified.

i
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nt roduct i on

With the succs.; of the Space Shutt 1(2 Pro, ram we have

entered an era where the construction of larpe space struc-

cures will become a reality. To achieve practicality and use-

ful system efficiencies, the proposed sizes of these struc-

tures are hundreds of meters in diameter. As the size and

flexibility of these structures increase, the number of low

frequency structural modes that enter the bandwidth of system

controllers also increases. To accomplish control of such

vehicles, modeling becomes very critical. Even with improved

modeling techniques, there are still modeling inaccuracies

which, in the limit, could result in unstable conditions if

not properly compensated.

The method of control that is both realizable and

viable is modern state space control theory. Using this

method, however, due to computatonal requirements, only a

limited number of structural modes can be handled by any

single controller. Hence, reduced order controllers are

required. The coupling of these reduced order controllers,!

with detailed finite element analysis of the particular

structure can be successfully adapted to meet the require-

ments of several missions and varied flexible structures.

The limiting factor, as to how many of the finite

numLer of modeled mode:; ma': be successfully controlled, is

- 4,



the capabi i ties of the oIn-b)oa,1Id oC ()1;)u 1I ( t- A , 1 1

the st I i IIIo LZIt iOns , only tItI.;IV mode: wh i C , a (re-h(t.: ' -

mental to miss ion reui rement; ;ire con! r A :;ptc i !]c

example would be a photograph c 11it !,: Ii 't.ic. rc poni in:'

accuracy is considered crit ical while i minor '.ert i cal vi br- -

tions may be considered incon.,quet tial . re;ilt ny

those modes affecting pointin,- accuracy would be contrled.

While specific control of these isolat,d modes would

be ideal, it must be realized that in the real situation, the

sensor data will be contaminated by the uncontrolled modes

and these same uncontrolled modes ma,' be affected by required

inputs to the desired modes. These coupling affects are refer-

red to by Balas (Ref 1) as "observation spillover" and "con-

trol spillover". It is shown that either of these system

coupling effects may lead to overall system instability. The

method of control proposed by Balas is based on the use of

narrow bandpass filters which effectively comb out the

suppressed modes, thus eliminating observation spillover.

Another technique which was first presented by Sesak

(Ref 2) and later expanded on by Coradetti (Ref 3) involves

a "singular perturbation" technique. It is concluded that

this approach, with infinite penalty on spillover, is essen-

tially the same as finding transformation matrix. By apply-

ing this transformation matrix to the associated -'ain

matricies, either controller or observer, the spillover terms

9



would be driven to zero. This method can be e'ffective in

removin,, destabilizing cross coupling, terms even if these

terms do not result in overall system instability; thus

improving system response. These goals are accomplished

through the application of state space control techniques

coupled with singular value decomposition of rectangular

matrices of modal amplitude (Ref 4).

The primary thrust of this investigation is to study

the application of the above techniques on the implementation

of two or more decentralized controllers on a lumped mass

model of a tetrahedron. The primary means of evaluating the

effectiveness of the system will be ;n eigenvalue analysis

of the closed loop system and a time response of the pointing

angles to initial conditions. This work first investigates

all of the results of Janiszewski (Ref 5) and then expands

from the single controller model utilizing only eight modes

to the multiple controller system using a twelve mode model

representation. The elimination of any spillover terms will

be accomplished through the implementation of the transforma-

tion technicue mentioned earlier.

The specifics of the system model used in this investi-

gation will be fully explained in the following section. The

model is configured with sensor actuator pairs. The sensors

are position sensors only and are used to determine the modal

3



amplitudes at a point. A singular value decomposition is

performed on the matrices of modal amplitudes to obtain a

transformation matrix which is employed to eliminate spill-

over terms. With the addition of a second controller, the

improvement of response in the structure is dramatic.

Finally, the possibility of implementing more than two decen-

tralized controllers is examined.

4



System Model

The model used for this; inve;t iation is he tetra-

hedral model developed at the Charles Stark Draper Laboratory,

Inc. This model was arrived at due to the fact that it

not only displayed many of the characteristic responses

observed in large space structures. It also provided a low

order model upon which various control sy,.tems could be easily

applied so evaluation is simple as a result of the small num-

ber of modes present. The performance criteria of the model

is based on the motion of the structure at node 1. This is

analogous to a line of sight evaluation of a typical optical

system.

The finite element model of the structure is displayed

in Figure 1. The structure is pin connected at each of the

nodes; as a result, it is only capable of transmitting axial

forces. A Youngs modulus value of one was used to simplify

the stiffness computation. The beams are considered massless

with all mass located at nodes 1 through 4. The measured

location of each node is listed in Table I.

An eigenvalue analhsis of tre structure was accomplished

on the NASTRAN Computer Program. V-ie key results of the

analysis are listed in Table II. The associated eigenvetors

are listed in Appendix A. Table II] is a listing of the

initial conditions that were applied to the model to achieve

5



Figure 1

a. 3 -Dimensional
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a time history of the response. ],u)r tic purpose of this

investigation, it is assumed that ihese values are applied tt,

achieve a desired pointing requirement. As a result, all of

these values could be inputs to the controller prior to actu-

ation, thus achieving initial conditions on all of the error

terms of zero. The development of these error terms will be

covered in the following derivations of the equations of

motion.
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'Fable I

Node Coordinates

Mode X Y Z

1 0.0 0.0 10.165

2 -5.0 -2.887 2.0

3 5.0 -2.887 2.0

4 0.0 5.7735 2.0

5 -6.0 -1.1547 0.0

6 -4.0 -4.6188 0.0

7 4.0 -4.6188 0.0

8 6.0 -1.1547 0.0

9 2.0 5.7735 0.0

10 -2.0 5.7735 0.0

Table II

Result 3 of NASTRAN Analysis

Generalized Generalized W n RAD -(RAD) 2

Mode Mass Stiffness ngEj kSECJ

1 1.0 1.37 1.171 1.37

2 i.0 2.15 1.467 2.15

3 1.0 8.79 2.965 8.79

4 1.0 12.6 3.558 12.6

5 1.0 14.8 3.848 14.8

6 1.0 26.5 5.149 26.5

7 1.0 32.2 5.676 32.2

8 1.0 32.6 5.711 32.6

9 1.0 79.9 8.940 79.9

10 1.0 106 10.030 106

11 1.0 119 10.923 119

12 1.0 195 13.966 195

81



l'' c 111

In it ial Curndi t ion:;

Mode Displacement ( ) VeIc it ()

1 - .001 00.3r

2 .006 .010

3 .001 .030

4 - .009 -. 020

5 .008 .020

6 - .001 -. 020

7 - .002 -.003

8 .002 .004

9 .000 .000

10 .000 000

1 .000 000

12 .000 .000

9
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Equations of Motion

The equations of motion for the vibrational motion

of a large space structure can be written as:

M j + E + K = D u (1)

where g is an n-vector of generalized coordinates, M is an

n x n summetric mass matrix, K is an n x n symmetric stiffness

matrix, u is an m-vector of inputs, D is an n x m matrix of

modal amplituder evaluated actuator locations, and E is an

n x n dumping matrix.

Rewriting equation (1) in a modal coordinates

+p2 w + ? =OT D u (2)

where

• : ?(3 )

and T is the transpose of the n x n model matrix for equation

(1). The model matrix 0 is such that

SM~

OTK = [U)1
T E 0=[2~ WI

where all matrices which are displayed are n x n diagonal.

To be more explicit,[l. is the identity matrix, [w2] is a matrix

10



of the eigenvalues of equat ion (1) and L?'c is the ;,ssociated

damping matrix.

By placing equation (2) into state vector format, we

arrive at equation (4):

x = A x + B u (4)

where

x = A ----A = -

2 2

B 
T=

In the practical case, the complete state vector is

not available and quation (4) must be supplemented by an out-

put equation. If we assume both position and velcoity infor-

matLon is available, the general output equation becomes:

k= C g + Cv g (5)

in state vector from

S= C x (6)

where

C = I Cv I

Equations (4) and (6) are the model of the satellite avail-

able to the control design,?r.

II



Reduced Order Model

The state vector x from above is ai 2n-vector that

represents the entire structural model. This state vector

can be broken into a number of more specific portions in the

form
x C T X sT I-rT, X um T ()'rx ~r Km 1 (7)

x--- 2 n - vector, Controlled modes

x--2 n - vector, Suppressed modes
S S

x r---2 n - vector, Residual modes

x --- 2 n - vector, Unmodeled modes

The unmodeled modes are mentioned here, but will not

appear in any of the derivations. These are modes which are

beyond the capability of the mathematical system model to

approximate. The unmodeled modes, while they may exist in

nature, have not been taken into the modeling effort of the

system. The response of the actual system will determine if

a more indepth nodel is required to mathematically approximate

the real world system. The controlled modes are those modes

determined to require active control to achieve desired system

response characteristics. In general, these will not neces-

sarily be the l(west frequency modes.

Due to computational limitations in control of the

vehicle, only a small subset of the modeled modes may be con-

12



trol led as a result spi I love due to the re[,Ii n i n , mod..

will occur. To el i min a L the di latori ow ; (-i fe-t.s of t hi:;

spillover, a portion of the modeled but uncontrolled mode

w 11 be suppressed. The number of which can be suppresed i s

a:;ain dependent on hardware limitation!. The remaining

modeled modes will be termed residual modes. These residual

modes will have "spillover" terms and can be considered

representative of those higher frequency modes that are

unmodcled.

With these definitions, the system state may be

repre:iented by the following equations

X A x + B U (8)C C C C

x = A 5x + B U (9)

X r A Xr + B U (10)r rr r

C c +C + C Cr C r (11)

The system parameters matrices A, B, and C are as

previously described in the text. Furthermore, the matrices

B can be expressed as: Bc = [ 
1

where:

T D a (a i ......... a1 (F n

a. .. ............ an naj
L C3



where • is the location of the j aCt uit or a nd 1 1 t he

number of actuators and n is the number of control led nodesc

In this representation, the coefficient matrix, D, ha.si already

been multiplied through. Those values for the structure

studied are the NASTRAN results in Appendix A. Similar repre-

sentations of 0 D can be developed for both the suppressed

and residual modes with the only difference occurring as n

and nr, the number of suppressed and residual modes, respec=

tively are used in place of n .

In a similar manner, if we assume only point sensors

located at the points ,i then

C C

where

C al (c) a (l)

aI  (. ........ anc ( nsen)

where n is the number 3f sensors employed.sen

The equations developed to this point are quite

general and independent of structural complexity. With

increased complexity, The sizes of the respective matrices

are the only variable. thit will increase in dimension.

The general natur of the development is the key to

14



:'t.; wide a re a of PoI)It. 'Ipp I iCutL io)[ a ;ri krity o f Ir'

sp~tce structures.

Modal Control

The control modal upon wh ich thic control 1(-,si,,,n is to

be2 based is given b)Y

c A Cx - (3)1i

C C x-C + C S + Cr 9r

Lnree ledlack controllers are 2xamifined. The form of

control for cach controller is:

G1 C X (12)

- AA
U2  G I 1  G 2 x 2 (

AA4
i 3 +G 1 +G I +G 2 x2 +G3 x3 (lA,)

where xand Xare the specific modes controlled by each
1' 2' 3

controller. Ideally the control law would be G K but in this

case, where not all of the states are available, the estimated

values of the states must be used. The individual closed loop

system matrices will be developed sequentially in the follow-

ing discussion.

Single Controller

Since we are unable to directly measure the entire

15



t t:te c or . ,t::.u ., to t':>,o.' r, t o.'r

fo rm 
A A-

X .xX + B~ V -~ . -. )(
(2 C 2 C

C C

Y c X1 (1o

whci re
A
X c;timated state vector

c

A
Yc estimated output vector

The observer ,,ain matrix is chosen ;ucl) thalt the error

in the state estimate, represented by

A -e - (17)
c c C

is asymptotically srable.

The closed loop system stabilit,,, includin,, c(Jtro. icr

and observer, can be evaluated b'y writing the :taLe yilitions

for an augmented state vector defined below. Fur the sinlie

controller Z will be defined as follows:

T -T XT XT 
(T

z_ (Xc s e , 
)r

With the definition the overa]L close( loon system

matrix can be represented in block matrix form as:

A + B G B G 0 O 19)
C C c

0 A - KC KC KC
c C s r

7(t B G BG A 0 Z(t)

I C B G 0 A
r r r



A this point it is of 1ntcr(,-;t to- 0() 1- ;t tb c dew. lop-

ment of t')k, oIbserver ;,.Iin matri, Kan d the control ftodba .

gain matr".x, G. First consider the control. :,'in matrix G.

In order to use linear optinial re ,ulator theory, a

performance index i s defined as:

3 1/2 T Q X + uT R u) dr (20)

whe re

Q - is an n x n positive semidefinite weighting

matrix.

R - is an m x m positive definite weighting

matrix.

This performance index, subject to

X = A X + B Uc c C c

is minimized with

U = G X
C

and

-1 TG = -R B S (21)

and S is the solution to t le matrix Recatti Equation.

T -1 T
S Ac + Ac S - S) Bc R Bc X + Q 0 (22)

The 'levelopment of the observer matrix can be formu-

17



formul ated it an ident i cal dcv lopmunt once it i s rca i, -ed

that the igenwalue:; of the mit rix, (AC - KCc ) , are eual to

the eigenvalues of the transpose of the matrix. The system

can be then written as:

T A 4 (t CT7(t) A A c  (t - cT (t)

g (t) KT W (t)

Using this syst-em and defining a similar performance

index as listed in equation (20) with the substitution of W

for X leads to the solution for the gains KT in the form.
c

= - -1--

KT + Rb Cc

where P is the solution to the steady ;tate algebraic matrix

Ricatti Equation:

T T -I
P Ac + Ac P - P Cc Rob Cc P + Qob = 0

While the syst.m of equations is not block triangular,

it can be made block triangular through the elimination of

control spillover or observation spillover. Once we have

achieved suppression of the appropriate terms, the stability

of the system is assured through the proper design of the con-

troller and observer. For the purpose of this research,

elimination of observation spillover has been deemed more

practical and cost efficient. Additional sensors to achieve

the desired observation spillover is much easier to implement

13



than incre:,sinj, the numher of Agc , ' . ) ' ,I Cl(ie)J :.;il1 -

over suppression.

Dual Controller

The following development of -i two controller s;ystem

parallels that of the single controller. The control law to

be applied is as stated in equation (13). In this system

rather than defining a specific number of modes as suppres-

sed, the goal is to achieve two decentralized controllers

which will be independent of each other.

The two state equations are:

X AI XI + BI U (23)

X = A2 X2 + B2 U (24)

Recalling the general. observer equation (15) and equa-

tion (16) where the control law applied is equation (13).

- A
X. = A. X. + B. -0 + K (1 9) i = 1, 2

1 1 1 1 Y

A AY. = C. X. i=1i,2
1 1 1,

A A
U = GX I + G2 x 2

The error in each system is described as

e = i 1, 2 (25)

19



By ap;)lying cqnilat i on:; (II), (23-) (24). (2) and tht ,;timator

equations which ,e Ii .;ted above it cian be .;hown that e. is
L

described by:

e1 = X1 - ){i =  (A1  - K1  C]eI + KIC X 2  4 IC r (26)

• - r *r (

el : x2 -x 1 (A- K 2 C )e2 + K2 C 1 x 1 ± K 2 CrXr (27)

The associated X equation may be simply derived using

the system equation (23) and the control law (13). The result-

ing equation is:

X, (A1 + B1 G1 ) 1 + B1 G e-1 + B1 C2 j2 + B! G X

(28)

A similar application of the control law and the residual model

equation (10) provides the following results:

Xr = Ar Xr + Br G1 X1 + Br G 1 eI + r G2 X2 + Br G2 e 2  (29)

By defining an overall system vector z of the fom:

Z' [ T eIT -T T KrT] (30)

The closed loop system model including the two decentralized

controllers, each utilizing state variable feedback, can be

written as:

20



AI+ 'I G i 2 '2 G

0 (AI-KC I) K C2  0 K Cr

- B ( ( ZtB2 ( B 2 GI  (A,)+ B2 2 ) ' 2G Z(t)

K2 C 1  0 0 (A2-K 2 C2 ) K2 Cr

BrGI BrG BrG 2  Br G2  A r

It is apparent that the suppression of all the "obser-

vation pillover" or the'control spillover" terms is insuf-

ficient to completely triangularize the system even in the

absence of residual modes. To achieve a closed loop system

with the above characteristics, it is necessary to suppress

the control spillover term of one system, e.g., B1 G 2, while

suppressing the observation spillover of the other system,

K1 C2 . The judicious selection of modes again is critical so

as to provide a frequency separation between the lower frequency

controller and the residual modes.

The primary advantage of two controllers is the number

of modes controlled can be divided between the two systems.

This is important since the computational burden of solving

thE Ricatti Equation incruases rov'ghly as the cube of the

orcer of the equation (Ref 3). Thcrefcre, the advantages of

solving the Ricatti Equation of two ;maller controllers is

apparent.

21



Three Contiollers

To avoid a repe2tition of all of the equiations devc]oJ)ed

in the pre\ Lous section, it can be !stated that th control law

of equation (14) was applied to arrive at the closed loop :sys-

tem model of this section. The Z vector is defined as

S T e T T T F T , (32)

This resultsi in an oveiall closed loop system equation

A +BB B BC,3  BG 0
1 1 1  1 1 B1G2  1 2 1 3 1

0 AI-KIC 1  KIC 2  0 KI1 3  0 KIC r

B 2 C B2 G A 2 +B 2 2  B2 C2  B 2 G3  B2G 3  0 (33)

Z(t) -

K 2 C1  0 0 A 2 -FY2C K 2 C 3  0 K 2 C r

B3 G 1  B 3 G1  B 3 ;2  B 3 (, 2  A3B3G 13 3G 3  0

K3C 1  0 0 C0 A3-K3C 3 KC r

BrG B G BrG, B BG BG A

rrl r2 r'3 r 3 r 3 r

As discussed earlier, the system presented here cannot

be triangularized throu,h complete elimfnation of observation

spillover or control spillover. There are two approaches that

can be utilized in the xamination of the three controller

system. First, throug}h the judicious positioning of sensors,

the modal amplitude matrix and thus the :system parameter

22



matrices B and C, of on cont rol Ier c;nu be made ortho,'onal to

th2 rema i ning two control ler . To compy, rtely decouple the sys-

tern, the terms which must be eliminated are listed in Table

IV. By arranging the modes such that two of the controllers

operate on modes such that two of the controllers operate on

modes that are orthogonal to the third controller, the system

would reduce to a two controller system. The system model

used in this study has been determined to contain such proper-

ties. This will be specifically demonstrated in the investi-

gation portion of the text. At this point suffice it to say

that the twelve modes modeled can be divided into two ortho-

gonal groupings.

.s an example, let controllers one and two operate on

the first group of orthogonal modes while controller two

operates on a portion of the second grouping. As a result,

all cross terms between one or two and three will be equal to

zero. This will reduce Table IV to

BIG = 0 E 2 G 1  0

or

KIC 2  0 K2 C 1  0

whict are the terms required equal to zero to decouple the

two controller system, therefore demonstrating the ability

to reduce the sy;tem to a two controller problem. The second

method of system suppression would reqlire an optimization

process included in the trInsformatio formation such that
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Table IV

Total Decouple of 3 Controller

BG = 0 B2 - 0
2 3 2 1

K2C = 0 K 2C r 0

BI = 0 B3 = 0

OR

KI = 0 K3 = 0

BI 2  0 B3 = 0

K 2 = 0 K3 C2 =0



such terms as B.2G 1  and Ii G I r ipproximat ,l, zero. -Jh i Ie the

possibi I ity oF obt-ainin(, a transformat ion a;t rix ortho,onal to

both matrices is highly unlikely, an optiiization process can

be applied to reduce the value of these spillover terms to

insignificant values relative to the system dynamics. This

second n._thod would require more on-board computational capa-

bilities which may result in exceeding the designed capacity

of the system. As a result, this method would be far more

costly to implement thus making the first method the only

viable approach. Since it has been demonstrated that the

system cin always be reduced to a two controller problem

through -proper sensor and actuator location, only the investi-

gation of the single and dual controllers will be carried out

in this research.
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Trans f orrat ion T echn i j-

This ,;ection is designed to des;cribe in fuirther

detail those methods applied to the modc-l to achieve the

block triangular form. This will require the elimination of

the cross coupling terms such as KIC and B in the two

controller system. The entire thrust of this method is to

drive these terms to zero while keeping the te-.rms BIG

B2 2' and KIC , K 2 C 2 not equal to zero. This is first done

for the single controller case. The technique is then applied

to the two controller problem by eliminating, the control

spillover of one controller while operating on the observa-

tion spillover of the second controller.

For the single controller system, the elimination of

observation spillover is achieved if a K matrix can be found

such that

K C = 0 (34)
s

K C = 0 (35)
r

while

K C = 0 (36)
c

The final equation is constraint that must be met in

order to maintain observability over the controlled modes.

While it would be optimal to achieve both equation

(34) and equation (35) in the system model, in the actual

structure this would not be fully realizable. This is primarily
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due to the large number of modes t !:.t ir(. ', ' .! .i , -r,,.T

in the structural model. As a re.::Illt o, l', :1 ;w,,.t , u

modeled modes will be suppressed. Lw;. hi :v u-lait i o ,,)

will be satisfied.

The selection of those mnode. to) he dew i nated as

suppressed or as residual is somewh; t arbitrary and could be

established throuh an iterative pr cess. Those modes you

are most interested in suppressing Lre thos;e modes which,

even though stable, are weakly damped and thuls may be driven

unstable as a result of the observation spillover. The

selection of those modes as residual would b(, best designated

as those modes which are actually shifted further to the left

of the jW-axis as a result of the ohs-rvation spillover, thus

stabilizing these modes. Another choice, the one used in this

investigation, is to suppress all uncontrolled modes below a

certain frequency. The primary assuimption here is that the

higher frequency modes fall outside of the bandwidth of the

controller.

However the selection of the suppressed modes is

accomplished, the system to be examined is:

C T KT 0 (37)

This is nothing iore than the transpose of equation (34),

however, this fori, f equation is more useful as will become

apparent.
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To ,ch i eve this des i red re:,-ult Ie A I- r i f (I41Ia -

t ion ( 7) must he trans formed such that i_ i ; orttio-,onail to

T T
the :-o- s of C (columns of C ) The C matrix is sized !,uch

s S1

that it has the number of columns that corresponds to the num-

ber )f sensors (isen ) and a non zero row len ,th of the number

of s ip; ressed modes (ns) Looking at the equation of the

tran:if(.rmation required

C Tt = 0 (38)s

The nuiiuber of linearly independent algebraic solutions, t,

are :;pi cified as the difference between the rank of C s T and

nsen The number of su)pressed modes is equal to or greater

than tl.e number of sensors, no solution vector t can be found

unle.ss the rows of C T are not linearly independent. As a

result of this relation, in general, the number of modes that

can :)e suppressed can not exceed the number of sensors avail-

able. In terms of output we will define v by:

v = Ty

(39)

Where "' is matrix whose rows are composed of the solution

vect )r!; t. Substituting for the value of y:

v T C X + T C X + T C X (40)
c c r r s s

howeve"

TC 0 (41)
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A'; ,' 'c ; U f ItC (I,: -'It ' b)(. t co)ULtI'it . zhe :.,Ij)-

pressed )dyL; Tle 0\ V ro - l I) -)I ,i . : to 1)C( con-i !t -t., -in

be stated 1s:

X A c X L BC

vT C X + T C X -';:X + C " X(qb
C C r r C C r r

The output v is no longer a .'ector of dimension n

seen Tbut has dimension (nse- Rank of C ,. The suppress ion .may',

therefore, be thought of as replacin, a system of n sensors

with n -r) synthetic sensors.

As long as the syst-em of equttions (42) are observable

and controllable, the stable- matrice. A + B G and A -K CC C C C

can be formed and placed in the over 1l system matrix of equa-

tion (19) in which the obstrvation s-)illover will have been

removed. If the suppressed modes for this system are properly

chosen, the entire system will remain stable.

With that general overview of the purpose an r -, t

of the technique, the specifics of obtaining the matrix T will

be developed. The matrix of interest in this technique -

observation suppression is C . This matrix can be written ins

the form:

C = W V (43)
s
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where

-: ;i r i t r

nrI't hO)'urTi~j I l! ri K' (If 1t

Si n ,ulI ar vect .r

V is an l 11 o Or- t )1 ona I

nii t ri x of ri),ht in,,lar

vectors

and

(4)

such that S i a r x r matrix of the non-zero sin'ulr values

of C ;nd r i ; thie rank of C,, as pre'ious/ . itated .ir hL'-

more, the matrix W can be partitiond such that

= Lr (45)

The partition W is an n x r matrix of left singu-r sen

lar ve(tors associated with the non-zero singular values of

C and W is an n sen x q matrix of left singular vectorss qse

associated with the zero singular values.

Since W is an orthogonal matrix, the product of W T
0

and W4 is zero which leads tor

TT T
STC W W S V T
q s I r r

As a result, it is obvious that the T matrix sought

is composed of the left singuilar vectors associated with the

30
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zero S i 1 i IhJ If C- VJ I ran:S 0oa fn C TI i> ()n to

the sys tcm as s peci fied i n eq iiat i on~;(
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Copjut er '-lode I

Th, primary -oats in the foFrmul, t io of the. ,roran

wer+ flixi )i lity and ;impl iciLy. The pro,.r vHi ; ci p 1]e of

making LvLral div( rse runs; depending ()n the de.,J red (jit put

or the parr icular area of nt2 resL be i i, e xaP. n e d. Th!e. pro-

gra H genierates output data for a .;ingle controller or a dual

control!er model. In either of these typo (f run.!, the

inclusion o)f the residual modus is opt;onal.

ThL repetitive nature of the formation of toe, para-

meter matrices (A, B, C,); in the control, suippre!sed, and

residual form; led to these being structured in a ;uroutine.

Thi:. format al;o added the flexibility to change the :s zc of

the matrices to meet specific requirements of various investi-

gations. The formation of the initial condition vctor is

also accomplished in a subroutine. There is a senarte sub-

routine for the different initial condition vectors recuired

for the single or dual controller model.

For program initialization certain data is requiired

from either permanent files or parameter assignments. Required

data from the user is the number of controlled, suppressed,

and residual modes followed by the number of actuators and

sen:;ors. Finally, the damping ratio for each of the modes,

assumed equal, must be designated; 0.005 for the system

studied. The syst-em will then read from permanent file the

NAS 'RAN values of !.ne modal amplitude at eich actuator location



The swme data is then entere,! fur each ut the 1 1.ur

locations. For the model con idered these va n(,s arfe, identi-

cal sincc, the sensors and ,ictiators .--e colocated, howevero

it was considered necessary t( make :;eparate entire, to

accommodate those possible situa ions where the :,ensiors and

actuators are not colocated. Finally, the associated frequenty

for each of the modes is read in from permanent file. For

time response calculation the initial conditions for the sys-

tem and the mode shapes of the point of interest nslit also be

made available.

With the preload of this data, the modal arrangement

as controlled, quppressed or residual is at the option of the

operator. The various modes may be moved in any manner desired

by the operator without the requirement for the preload of

any additional modal information. Once a particular selection

is made, the program will form the specified matrices and

the associated initial condition vector. With the system now

completely structured, the steady state feedback matrices are

formed (G and K). This is accomplished through the execution

of a series of sophisticated subroutines created by Kleinman

Ref 6), which provide a numerical solution to the matrix

Ricatti Equation. With these matrices formed, an overall

system matrix as depicted in either equation (19) or equation

(31) is formed dependent on whether a single or dual control-

ler run has been indicated.
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At this point one can ,xecutc the option to create

a time history of the I ine of :;iht a! point I in the x and

y directions. Thi!; type of ;vstem re ;.9onse was u5.ed .;ince

the pointing accuracy of the, vehicle ..;as ai criteria for deter-

mining the success of the system controller(s). The line of

sight was calculated with the use of t1he zero input equation

for the state equation:

(46)
X = A x + B u

Y = C X (47)

The zero input equation is

Adt
X (kdt) = e X (k-l)dt (48)

To minimize any problems that might arise as a result

of rapid system osciallations not perceived by the discrete

Adt
model, a DT = .01 was utilized. The e matrix is determined

through the Taylor series expansion of the term in the fol-

lowing equation:

Adt 2 2 3 3
d I + Adt + A dt + A dt + (49)

2! 3!

The value of the displacement at position 1, in the

x and y direction, "s calculated each .5 second up to 20

seconds using the made shapes, previously loaded, and the

computed value of Y (t). This displacement is calculated

through the summat in formula:
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Xn (t ) = Oni ) n 2 (50)

Where m is the number of modes in modo-I. For n = I the e;ua-

tion computes the line of ;ight displacement in the X direction

and n = 2 represents the Y direction displacement.

At this point, the eigenvalues of the !iiatricu:. (A+?(;),

(A-KC) and the overall system matrix are corqput-d. T!,.

analysis was accomplished by implementin g the :,uruitine EIGRF

from the International Mathematical and 5 tati:Itic, IL ibra rv

(IMSL). The eigenvalues of the closed ltop .'tem trix,

since they reflect the overall sy .tems slabilitv, dtCitermining

success of the system suppression. Comp;,rison of t iese eigen-

values with the eigenvalues of (A+BG) and (A-I'C) demonstrate

which modes were most affected.

The suppression of the system varies whether one or

two controllers are implemented by the operator. Vith a

single controller, the observation spillover is eliminated by

accomplishing a singular value decomposition of 
the C T

matrix. This is achieved through the execution of the IMSL

subroutine LSVDF. Then by using the associated singular vec-

tors, a transformation matrix is generated. The overall sys-

tem is then recreated using the transformation technique as

is described in section IV. Once the new gain matrix is

created, the program loops back and initiates another time

3 5



response and eigenvalue ,ma,1/>:1 ;

In the cztse of the two c( nLrW Ier .'.te.i of equation

(31), it is apparent that the elimination of o bscr,.'tion

spillover is insufficient to completely decouple the system

in the absence of the residual m(de . In this; case one must

eliminate control spillover of one ;vstem while eliminating

the observation spillover of the other system. The elimina-

tion of system one observation spillover wa; implemented to

take advantage of that part of the computer model already

structured. The control spillovr are implemented in the

overall system and a time response calculation followed by an

eigenvalue analysis is then accomplislied.

Since there exists the pcssib lity that modes other

than suppressed modes are adversely alifected, a series of

calculations are required to insure t~at controlled modes are

not aligned with any of suppressed nodes. A further check to

insure that controlled modes are a Iiiear combination of the

suppressed modes is accomplished at the end of the run. When

one of these cases are encountered, a regrouping of the modes

is required to avoid the detrimental affects of the suppres-

sion on the overall system re:;ponse.

While the model used in thi,8; study is very specific

in its definition, the subroutine structure of the program

provides the flexibility to analyze a ariety of other sys-

tem through the simple restructurinp, of the subroutines that

)6
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forni th, A B, and C matrices io comup I/ wvi th th. ne";x5t~ to

be anal,.: L-1. The only requiremc-i t: is that the ' t. enj can be

written in the format:

X A x±+B i

ant.
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In v e s-t_i at i o-n

A bui iding black method of re-.,earch w c: deem,.d the

best approach to make a thorough study ()f th( covi;Iet(; .,Stei.

As earlier explained, it was determined t lit due to hVardware

and cost considerations, observation spillovr eli:ina tion

would be employed when at all possible. Initialy, t,!,. basic

system was researched using only controlled a d ',>ppre:;ed

modes. This was done to confirm the fact thait th( ,*,,s('Iem could

be block triangularizd through the elicin.tit ;iin of ob:;erva-

tion spillover. The (,igenvalue analysis; thwt r-:,ulted is

displayed in Table V. This analys;,.wa ;icco)::,1 i led on the

first eight modes of the NASTRAX-structural ,iaIw-i;. The con-

trol weighting matrix was equal to Q 0 .

At this point, the four res-iaiL modes; were added to

complete the implemen at ion of the t.*: 1 .ve r-,dce ? ode! 1. The

system was analyzed t , determine the tfhft of the foIr addi~

tional modes on the re.spons;e ch.ract, ': ;t ic', " he ,tem.

The eigenvalue analysis of this te, i, listed in Tab Ic Vl

with the associated time re;pon:se I f 'd in "{L I i

The value of () wa:. left at I .al _. ,f h f j for

the remainder of the invest igat ion it al It could

be associated with either the number c (ontrI r-. i:-ple-

mented or the variou group i ngs of t c t(h
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l h I A:;y; E 'igunvlnul Ari1l'.,;i.; -Sinflc (: fir ri,!l cr

.>!od:i 1 A: 1;, ',,, .n n .,

(,,it rol c J Suppru:zsed '., i 1ial
1 ,2 4 5 3 , 6,I, 8ln

OvrTIAll SyS;tCM Ei ,envAlu S

P, orc "T'r ins fo cm, iL ion After 'I'rn.; formation

(;070 5 13519 .0'1837 5 6583

1995 + 5.75026 .02855 + 5. 71073

2574 + 5.14935 .02574 + 5.14935

-. )660? + 3.55616 -1.0434 + 3.42286

-I .2459 + 3.27924 .34269 + I .16273

-. 5796 + 1.25179 .01482 + 2.96457

-. .5138 + 0.77807 .50461 + 1.+3353

-1 '3795 + 3. 76850 .131/44 + 1.46583

-1.18709 + 3.54688 .18344 + 1.16990

-.03486 + 3.00503 -1.02693 + 3.42569

-.28446 + 1.58838 -1.24619 + 3.66533

-.71752 + 1.00300 -1.26459 + 3.66181
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Tabl Vi

Time Response - Single Contro ler

Modal A ;si crnmnt ;

Controlled Suppressed Pe.iduii
1,2,4,5 3,6,7,8 0 ' I L,

Before Trans format ion After Tran.; ormat ion

Time Los-X Los-Y Ti me .ox-X Los-Y

.5 .003J50 .0016ub J 6W03. ,7 .001611
1.0 .003446 .000bO 1. .U337 .000o.
1.5 .001254 -.000043 1.4
2.0 .000368 -. 000536 2 - ,5,,<,: -. O,01iL
2.5 .000425 .000233 2 5 -.. 7
3.0 -. 000500 .000408 .0-
3.5 -. 001136 .0u019 35 - , ' - ;uZO1
4.0 -.000520 .0o00u641 4 -. / .0U67
4.5 .00053, .000541 4,.5 .0063,
5.0 .000327 .000243 o0 _,56 r 00t6S6
5.5 -.000408 -. 000874* '.5 .,, -002 57
6.0 -. O 0022 -. 000622 I. -' . .000289
6.5 .00)44 - .00322 6. , ,- 0D01 I
7.0 .000+62 .000094 7. - .0oO:6
7.5 -. 000412 -.0OO172 7,, -. ,, .

8.0 -. 000425 .000081 t 0 0 >.- -00369
8.5 .000177 .000614 8 . .. 000201
9.0 .000367 0c0i 85 9.0 . ,002,2
9-5 -. 000394 .000082 .5 - , .',00,0

10.0 -.0o0469 -.000474 10.0 , 4 o00oo354
10.5 .oo0206 o00A47 10.5 lo I 0c'0oo084
11.0 .00063 -,0001 12 11.0 00 5", 0"'3172
11.5 .000009 - .00010') 11.5 , .0012 ,
12.0 -. 000402 -. 000474 12.0 ,' -. 300335
12.5 .000077 0001.57 12.5 - 7 - 07
13.0 .000017, 00)2 0 u, ) .000252
13.5 -.000034 1800082 13.5 ,.C(3, 000123
14.0 -. 000583 -. 000119 14.0 -. j,: - 00111
14.5 -.000083 -.000046 14.5 - - .000287
15.0 .000376 00)317 15 0 1O, .000270
11.5 .000226 -.000113 155 , .00142
1 .0 -.000358 - 0 I6t0 - b - .00032
I6.5 -.000o96 -. 000332 16.5 (,0040., -. 00320
17.0 .000362 .0002, 17.0 .0001(7 O.00111

17-5 .000217 .)00008 17.5 .00040", u0023.

r.0 - .0003)3 - .000026 lo.0 00o,.;7 - 00038
-. 000322 -. O,01 56 18.5 1) (-*p -4 00226

i,.0 .0002 6 .000o251 19.0 00004 -. 0076
19.5 .000224 0001 1) .0004 .000326
2- .0 -.000162 -. o0(o01. 6 20.0 .o12u - .300014
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afd ) the f -C t Af the (hl(., -- CIc tIm t i ,) f I he

struct irc, it was deemed most blene fi ci aI to c.ont r () r~ITd1.0( , 1

2, 4, , while :;uppressing modes 3, 6, 7, . linal17, t he

residuA1 modes were 9, 10, 11, 12. The choice of the res idual

modes was based on (-he fact that because of freqency :;Cpara-

tion, these modes would be unaffected by the control that was

applied to lower frequency modes . Thi:, preni 1ce is h,)rn out

in the analysis of the eigenvalues presented in Table VI.

This shows ,i damping ratio for the residual modes of approxi-

mately .005 or greater, since 0.005 was used as the open loop

damping, ratio, the controller has increased the dampin , of

each of the residual modes even through they were not included

in the optimal control formulation.
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S\'ste(nI E ,,,ewVilluu An.ulysi, - . ,I' ( :(Nntroll 2r

!Ioda I AI ,:., i .,fl - t.

C, !trolled S u :... Pj.-;i dual

1,2 4 5 1 (,7 9,10,11,12

Ov r l Syslm e ioenv i ue!;

Befor Transforn ;ition Aft er Tr;in~sformation

- .0563 + 10.34269 .05548 + ifl. 34651

- 070L5 + 13.96805 .07001 + 13.96821

- 062 15 + 10.04103 .0)0? + I( .94113

- .03573 + 8.95523 .05060 + 8.94695

-.00077 ± 5.73585 .02837 + 5.67583

- .81824 + 3.67870 .0255 + 5.71073

-1.25313 + 3.02515 -.82055 + 3.65895

-.56844 + 74670 -1.21939 + 3.04764

-. 155 )7 + 1 .25421 - 3783'1 + .i 09691

-.02050 + 5. 70036 -. 17427 + 1 .20133

-.02574 + 5.24935 -.02574 + 5.14935

-1.08395 + 3.89998 -1.06686 + 3.89134

-1.429)5 + 3.33404 -1.42363 + 3.3',893

-. 03425 + 3.00435 -. 04182 + 2.96457

-. 75428 + .89816 - .51201 + 1.40017

-.26090 + 1.59460 -.13331 + 1.47589

'4?
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Mod~tIassl~ rw

Ccir oIc ld SuRpes (lSd I

liv frc, Tran-sforma~tion P: t r T ratn f o r-at, i on

To-~ Th5Y 0, 
S, OSl 

-

1.~ I .01L5 -. 0)cII -dc - . J(0 11

2.0 -105 . C , J3 2I

30 -..Q)003&2 .000)tb 
0~ 41

3.,) -. 00095,0 .000163 (,c)~ ~Qjj7
4.0 -..00028 ) .000720 4.0 c006 K>t

4.5 .071 .00062 0 4..' Cl0 .0&~

50 .000350 .00 02 67 > u6,i 74

6.0 - .CO328 .0667 . -.042

6.5 .000421 7 0'330 B ~(
7.0 .00.0.000060 7> c)031

7.- -. 0C0329 -. 000146 7. .02

8. . 000220 6 000623 0.( I0C
.0004C3 U.U4,)0 .uJ6>

9.5 -.0003'jb .060069 .. o00 .

10.0 - .00526 - .0005c05 10. 6 00+ -

-~00 
6i)y.> -017' .Z

11.0 .000613 -. 0000,)7 G1Q .0037 j .>

14.5 . 0(0036 -00006,7 (.1.' 7"001'1

1.2.0 -.000392 -. OU4~62 12o 00t-,07 - .Qik)L2cU

12.5 .u00092.000170 1. .015 -0.~

13.0 .ooo4o4 .000345 13.0, .0004 43

13.5 -. 004 000171 l-£ 000366 OU5013;-

14.0 -.000622 -.0001 50 14-.6 -.00040t .0,4

14.5 -.0000914 -.000)05? 14.5 -.000381 --() 33

15.0 .000383 .0003 1 15.0 .)0022~ A 0( 22-

15.5 .000236 -.006105 155 .0003t). VA1

16.0 - .00034? -.000179 16.o -.06016~ -. (o24

16.5 - .000082 -0o1816.5: 
- .00041 -.00(28

17.0 .0003C6 .C,0002 '? 17. C) 0001' ~ .00(137

17.5 .000208 t)O00004 17.5 .000413 .00(255

18.0 -.000341 -.000029 18.0 GOO08O - .00C026

18.5 --0003)3 -.000162 18.5 -. OOLA .0232

20.0 -.00013) -.000)155 20.0 .00C140 - .00(017



Va I uies art Show )%e, l)ore anid I ttU r sru

The UeXt, ( 'iea C ~ uS I aIs t 1 u;:1!in th t ~ tuI Ie

formanc' Wi th t Ie dulI cont ri1 Ier s't iii ()f e i ion (C I)

was imiple'lented Aga in ,t h ii; research war rlc '210 4 i 

Tr~ 1he S,'ste;! was divLided such tha t co)nt ro I ler one ha,-ndled

modes 1, , t ri~d 5 , as dIeterined necessaijr' to- ach ieve

acceptable pointing accuraceies , controlle(-r toasinit illl.

specified as modes 3, 6, 7, and 8. The two controlici model

,.,as run agains the eight ;node truncated model t(- co~nfirm the

effectiveness of the method of suppression ep'd. These

results can he seen in Table VII.

W-,ith these results the alIditional. residual mode (9 ,

10 , 11 , 12) were included in the- model to check for an-Y

adverse effects due to these modes as was encountered in the

earlier inves t iat ion of the s;i ngle controlIle r. In this

case, the overall system retained the ac(hieve.d stability as

is seen in Table VIII. The desirable rcsults that were

achieved in this arrangement were that tI-e system achieved

the desired accuracies in the x and y dirctions within

approximnately 10 seconds. The associatedi time response

printout to each of the abjve runs are presented in Tables

IV*.through VIII

To obtain , .ini e i n(1(--p) h unde rtan cuii o of t he m2 M.oi

characterist ics of tIc( -tructure , a thorough study of the



T,i!,1,. "1

Cont rolIlIr I (unt r,1c I~ I c- r:
1 2 4 5 1 . . *

()vt'r: ] S''item tLc i, n' ,',

Before Tr-!P.for/:it ion ,\- t.r r-. n. ir : it

-1 .66818 + 5.6295/ , ) ,/

- 59552 + 0. 64991 -6 7647 ?

- 10098 + 1 4035 -1 07 7 4 .3)9)8

-1.36745 + 5.2)77 -1 517,'0 + ).)0617

-1 63542 + 5 66741 -1 61266 + r9)964

-.96051 + 3 6250') -1- 61259 + 4 909 2

-1. 31648 + 5.26339 .34269 + 1.16723

-1.16440 + 3.20916 .50461 + 1.43353

-1.61266 + 4.90964 131,4 + 1.46588

-1.61259 + 4.90962 .18344 4 1. 16990

.80770 + 0. 74588 1 .434 2 + 3.,I 26

- .30549 + 1 .54735 .3319 + 2 <5K7

-1 .21882 + 3 .83849 .94909 + 2 84746

-I 35638 + 3 .48462 1 .26459 + 5 1) +

-. 90125 + 2 .71050 -1 .2/4)19 + 3 66531

-.92979 + 2.99683 -1.02693 + 3. 42659

/I ')



VI, L V 1

Con t ro I I c r / (Con t 1o I cr Pu i du1-ii I
1 .2' , 5) ) -6 7.8':o -

Be fo r-& Pran s Form-it i on A' t c-r Tr:jrns format i on

Timuc Los-X Lw. -Y T' i nie. Los-", 1, Ls- y
.5 .00 64 u .01 22 .5 .03741) . 00 14(6

1 .0 .0 03,)2 000OO133 I. .0G3442 . (001 l0,

'-9 JOo)5) 01) '3T'0 -0007)'01

S0 . >02(07 Ox,'4; .( -. Uj0~ - .004
3. ') ;2. >1e0 C; 62 2. J6uC0713 0000 -%
'4 .0 -) 1,21 0'j 60)40 - 3 1 .C.059,7

5 ~~-5 C 0 C~3 4o~) 33ji 600
5.3) -,0-- 2 7 6-b 0 02 0. G001 .O 4 3

('.3 .u3~l13 .00477 0. .0016 -000079

7.- 0 b~6 -. 0>(2c6 (.0 -*0 0 k4 -+ .000250
7. - ~u0o . G00c) O-o 7, I~ I .u0 lIl

.5 -b~ .0023 .00007 c * .300063 .;01 32
-. 00j12G .02,-7 1.0 .00044 .uJul

I,.5 .044 - .00120 16. -. u I001 .339

11.5, I00:>1 -CIO( 180 11. -U00017 - 30 01j
2 .3 000072 -. 0 10 12.1) .000315 C).0004,+

12. .060022 -. CAA 015 1;2.5 .000326 -. 00(,042
1J.0 -000030 .00(0070 1> -.30001G: .q00031
13.5 -.0uu64 DO0CI16 G36,.00339 -.00005b
14.0 - .000070 .0001151Lr. -.jO3344+ .000084+
14.5 - .000649 .00(074 14., , .04 - ) .00366(
15.0 - .0000(J14 .00,015 1 0. - '05 .00008&
1'.5 .000022 -. qh 1040 C C 035 .00006i
16.0 .000044 -. 00r.073 16. -Jj .30034 o0ucc-5
16.5 .000047 -.00( 076 1 (1 .O022 -.000040
17.0 .000032 -.00(,052 170 C - 00000o . CO301C
17.5 .000008 -.0"0013 17.', -.J00001 O0uO003
18.0 - .000014 .000023 18.c .000019 - .000031
18.5 -. 000028 .00(0047 1 8,. - - .30002 t 000045
19.0 - .000030j 0O 0,'o50 19,.o .0000 -' .c00-5'
19.5 - .000021 .000036 1)u 0 Cooo0, .00006

20.0 - .000006 .00)011 20.0 .000038 - .000066 ;
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S..stt'n A'nv.iIiw ,n, 17 sis - Two ConI roller

:.odal A-:;if,n nt

Controller #1 C()nrolLer J'2 Residual

1,2,4.5 3 , 6,7,8 .10,1 2

Overall System Eigenvalues

Be fore Transforunat ion After Transformation

.07015 + 13.96806 i .07002 + 13.96821 i

.05713 + If . V 72 i .05548 + 10.34651 i

.06320 + 10.94403 .06051 + 10.94284 i

.05679 + 8.99021 i .05581 + 8.94227 1

1.66583 + 5.62161 i .02837 + 5.67583 i

1. 36779 + 5 .20554 i 1. 57647 4- 5.46629 i

1.61102 + 5.66711 i 1.55483 + 5.60263 i

.82780 + 3.70680 i 1.03008 + 5,52416 1

.16560 + 1.24134 _ .82055 + 3,65895 i

.61372 + .61002 i 1.61266 + 4.90964

1.33748 + 5.23741 i 1.61259 + 4.90962 1

1.61266 + 4.90964 i .17427 + 1.20133 i

1.61259 + 4.90962 i .37831 + 1.09691 i

1.27879 + .99798 i 1.21939 + 3.04764 i

1.09500 + L.9?760 i 1.06961 + 3.89587 1

.89774 + .43082 i .13284 + 1,47589 1

.27864 + L.55548 i .51475 + 1.39833 1

1.45666 + 1.31914 i 1.42381 + 3.34208 i

.74323 + 5.07171 1 .70898 + 3.01768 i

1.03055 + 2.5'592 i 1,06814 + 2.63964 1
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'' ! l V I I I .

rite !,2spons(c - Two Cont r, I r.

'.odit 1 A .: i ''nvlent

Controller 41 Controllur 12 Pe,;idua;I
1,2,4,5 3,6,7,8 , 10,11,12

Before Transformation After Trrn sformat ion

Time o-XL-0 Los -Z LcoS -Y,

.5 .003545 .001220 .003739 001435

1.0 .003851 .000089 .003411 .000090

1.5 .002752 - .000341 .001232 -. 000885

2.0 .001874 - .000067 -.000251 - .001027

2.5 .001189 .000223 -.000824 - 000845

3.0 .000535 .000543 - .001032 - 000335
3.5 .000276 .000807 - .000595 .000016
4.0 .000291 .000823 - .000161 .000583

4.5 .000281 .000542 .(00310 .000451

5.0 .000228 .000129 .000235 000491

5.5 .000181 - .000245 .000189 .000043

6.0 .000138 - .000452 - .000065 -.000056

6.5 .000092 -.000439 - .000115 -.000257

7.0 .000049 -.000252 - .000120 - .000212

7.5 .000005 .000003 -. 000045 - 000085

8,0 -.000044 .000220 .000108 - .000054

8.5 - .000087 .000322 .000086 000150

9.0 - .000110 .000290 r,00153 - .000001

9.5 - .000099 .000160 - .000029 .000138

10.0 - .000050 -. 000002 -.000009 -. 000094

10.5 .000019 - .000132 -.000145 .000033

11.0 .000075 - .000193 -. 000057 -.000101

11.5 .000091 - .000176 -.000054 .000017

12.0 .00008 - .000101 .000035 J000010

12.5 .000036 - .000005 .000081 000025

13.0 -.000023 .000074 .000045 000081

13.5 -.000065 .000115 .000068 - .000041

14.0 - .000076 .000110 .000055 .000060

14.5 -.000056 .000069 -.000002 - .000113

15.0 -.000019 .000010 -.000098 .000038

15.5 .000023 -. 000041 .000009 - .000093

16.0 .000049 - .000071 - .000027 .000055

16.5 .000051 - .000073 000054 - .000015

17.0 .000034 - .000050 .000033 .000045

17.5 .000008 - 000013 .000024 .000031

18.0 -. 000117 .000023 .000017 -. 000020

18.5 -. 000032 .000046 - .000050 .000037

19.0 -.000032 .000050 .000001 -.000078

19.5 -. 000020 .000036 -.000064 .000048

20.0 -.000004 .000011 .000033 -. 000077

i '

... . ........ ........ ..... ... _= .. .. .. ......... ... .... ...... . .:.... .., _L ,:.. " , i



mod , shap,,s was accotipli.';hed. - l'iOc'. .(' di ,l Q r

Appendix A. Ulsing the definition of th(. d pt irodIct of two

vectors:

A B ~MT4ICos; OAI

The any1es between tne modal ,implitude vector; were deter-

mined. This was done to determine if any of the modes lied

on lines of action siich that the,/ could either be simply

separated or arranged to minimize control efforts required

by associating similarly aligned modes. As a result of

this investigation, it became evident that the modal ampli-

tude vectors subdivided into two orthogonal vectors (Table

9).

With these orthogonal groupings, the system was run

with controller one operating on modes 1, 4, 6, and 7

while controller number two drove modes 2, 3, 5, and 8. This

grouping provided the best overall system response. The

eigenvalues of this system is depicted in Table X while the

associated time response is listed in Table Xa.

The unique quality of this system is that it is in-

herently decoupled, in that the associated feedback gain

matrices of one system (K and G) are orthoonal to the other

system parameter matrices (B and C). This results in the

fact the off diagonal coupling terms B2 GI, K2 C1 , K1 C2,

B1 G2 are all equal LO zero.
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Angular Rc1at i or);h i p : ! Lt' lob, : I 1 Arni.] itd .'Lct ,r';

VLLtox" Dot Product

0.0

06 0.0

01 7 7 848

08 0 0.0 q7

.03281 23 6

2'6 0.0

'7 0.0

¢ "8 .08112 = 50 12'

4 3 = 0.0

0.0

7 -. 05228

0.0 07 80. 37 0

3 .018290 5~3 95.250

6 =0.0

7 0.0

8 .03614 8 84.38 °
/58
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T sis nodalI v-ctLor ort. lo~t'ona1 it, w!- iIc iifa ciarinf,'e

occurance shows the i nipor i arice of p r( ye r I ociL Li on (f tihu

sensors and actuators on tlic mode] [hiis ;2i!teni andI'/5i!, to

locate the sensors on the :tructurc ! ii; deij,,- tool which

should not be taken lightly. Tfhe judicious location of

sensors and actuators can reduce the s'/stern to a pair of

uncoupled controllers requiring no system ;uppression; as a

result, no degradation in the sy ;tem re-spTonse From the optimal

gain values. By referring agaiin to Table 7a, it is obvious

that the time response of the system before suppression is

superior to that after suppression.
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(.111 H i."criv I l A , I j w )tr

Cont rol Ler I I C(,it i r .r s R i.'; 1ihl

1,4.6.7 . ,58 9.10,11 12

over;i I I Sy ;tcml V cvjIts

Before Trans format ion A -t (_ r Trr n:; for mt ion

- .05702 + 0. 34654 'J7'l3 + 1 0.10562

- .07011 + 13.968!2 0698") + 13 96671

- .06244 + 10.94332 -. 049W4 + 10.93907

-.04388 + 8.99752 -.05750 + 8.96044

-1.51751 + 5.50653 -1.61259 + 4.90962

-1.61639 + 5.41038 -1.22750 + 4.97987

-.27191 + 1.20414 -1.54666 + 5.50147

-.43310 + 1.09745 -1.58461 + 5.40713

-.83306 + 3.65462 -1.4563? + 5.53310

-1.22213 + 3.06310 -1. 51763 + 4 .45319

-1.42714 + 5.58897 -.5431() + 3.63429

-1.58679 + 5.40001 -1.06302 + 3.29105

-.71819 + 1.27304 -. 36782 + 1.131-01

-.36226 + 1.51909 .26965 + 1.18851

-1.06186 + 2.50015 - 43999 + 3.85085

-.73434 + 3.05232 -1.25745 + 3.65065

-1.43137 + 3.35652 -.62836 + 1.31448

-1.08042 + 3.88162 -.34492 + 1,51727

-1.61259 + 4.90962 -.73034 + 3.04703

-1.61266 + 4.90964 -1.09035 + 2.51427
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Table XI

Time Response - Two ConLrullur,;

Modal Assignments

C ntroller #i Controller #2 Residial
1,4,6,7 2,3 5,8 9,10,11, 2

Before Transformation After Transformation

Time Los-X Los-Y Time Los-i Los-Y

•5 .0035)6 .001203 .5 .00371j i .,012)2
1.0 .00360 -.000289 1.0 .0 I' . j00704
1.5 .001491 -.001148 1.5 .002ake -.2 j07
2.0 .000163 -.001043 2.0 -. 000043 -. )0ii24
2.5 -.0005,)8 -.000703 .5 - . 00076 - . 00740
3.0 -.000939 -.000256 3.0 - 001 48; -. 0oo82
3.5 -. 000707 .000278 3.5 -.0015,+2 -. .00154
4.0 -.0001)8 .000628 4.0 - .000518 .048,
4.5 .000143 .000625 .5 .000415 .0o0808

5.0 .000216 .000376 5.0 .000402 .)00489
5.5 .000143 .000054 5.5 .0oo)2 .00014
6.0 .000035 .000200 6.0 .000277 -.. o00068
6.. -.000039 -.000304 6.5 0000+ -.900336
7.0 -.000050 -.000263 7.0 -.00021) -. j00384
7.5 -.000013 -.000136 7.5 -.000093 -. 00201
8.0 .00031 .000004 8.0 -.000012 -. o00029
8.5 .000049 .000100 8.5 .000017 .DOOO84
9.0 .000030 .000126 9.0 .000085 .000167
9.5 -.000008 .000095 9.5 .000067 .100150
10.0 -.000037 .000040 10.0 -. 00021 .o0061
10.5 -. oooo41 -.000010 10.5 -.000051 -. ,VOOb
11.0 -.000026 -.000041 11.0 -.000042 -.000044
11.5 -.000002 -.000046 11.5 -.000o6 -. 00o64
12.o .000021 -.000032 12.0 -.000002 -.000048
12.5 .000030 -.000011 12.5 .000037 -.000013

13.0 .000021 .000005 13.0 .000038 .000007
13.5 .000o06 .000013 13.5 .00020 .oooo16
14.0 -.000007 .0o0o16 14.0 .00000, .00019
14.5 -.000016 .000011 14.5 -. 0013 .000012
15.0 -.000016 .000005 15.0 -. ou0024 .oo0o2
15.5 -.000008 .000000 15.5 -.o00017 -.oo0002
16.0 .000002 -.000003 16.0 -.00000 -. 000003
16.5 .000006 -.000005 16.5 .000004 -.000004
17.) .000008 -.000005 17.0 .000010 -.000003
i7.5 .000(07 -.000003 17.5 .000011 -.000001
18.1 .000002 -.000001 18.0 .00000 -.000001
18.5 -.00000) .000000 18.5 -.")00001 -.000001
19.) -.000004 .000002 19.0 -.0oooo4 .000000
10. -.000')03 .000003 1).5 -.000000 .000001
2). -.000002 .000002 20.0 -.00400" .000001
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(onc 1.1; i n;

During t;i s; st udy it was dot ermined t hat system

response can be grecit l reduced through the implementation of

an additional controller. As became evident in the suppres-

sion portion of the research, the designer can greatly reduce

the c(,,nputational requirements through the use of s.tructural

symmett-y and sensor locations. By assi'ninp modes to be con-

trollt .1 according to orthogonal groupin,, of their modal ampi-

tudes associated to each sensor location, the system will be

inherently decoupled as earlier explained.

In all of the test cases run, the residual modes were

not adversely affected by any of the control or transforma-

tion techniques applied to the overall system. As a result,

including only the lower freqency modes as controlled modes,

has pr ved valid for the modeled system.

The capability to control the system ma be increased

throui,'i additional sensor.', but it must be noted that the

syste, will not be able to suppress more modes than sensors

as was noted in the transformation section.

~ 4
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Re(2 'umme (da t i on S

The primary thrust of this inve;t i,'at ion wa.; toward

the evaluation of a system which imp].n ,te.d tvjoentral ized

controll,,rs. The resul ts presented indic,'te the, mathe-matical

advantages of appi yin,, this technique to t.,e model chosen.

The imnortance of uvaluatin, the entire modal analysis became

evident through the analysis of the modal amp 1 itude vectors.

This single area has presented itself as a key to real world

application of decentralized controllers. The importance of

the location of the sensors and actuators that are used to

control the structiral motion is an important design tool in

achieving desired -vstem response.

The next logical step in the study of this control

problem would be the experimental evaluation of the techniques

applied in this study to determine the feasibility of the

implementation of the system described. This would include

the evaluation and determination of computing' capabilities

required to achieve the results which have been put forth in

this paper.

55
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Frequency an ! 1 de S~~

Nominal Case

w, 1. 370 w2 1.467 w3 2.965 W4 3.502

-2.47!E-Cl 3.999E-oLL 6.36SE-07 2.746E-02
4.279E-02 2.309E-01. 3.67GE-02 -4.7SeE-02
1.451E-06 -1.4.8SE-.0i 4.COOE-01 -2.249E-05

-1.963E-02 8.329E-C2 1.984+E-:1 -1.716E-Cl
3.398E-02 4.806fE-O 1.i 1 45E-o1 2. 77E-oj

ol -7.213E-02 2 5,813E-02 P3 = .CiCE-0l 04 -6.817E-05
-3.607E-02 7.CgOE-02 1.548E-01 -2.512E-0l'
4~.347E-02 2.253E-02 6.BC4E-02 3.43EE-0.'
4.397E-02 -4.72l'F-C2 9.782E.-02 -8.19CE-02

-1.962E-02 S.451E-C2 1.363E-01 17?l-
5.296E-02 4.936E-C- l.OCOE-0l 3,894E-0

L4.397E-02 -4+.722E-02 9.784E-02 8.192E-02]

WS 3.848 W6 5.150 W7 = 5.676 W8 5.680

-8.783E-02 1.353E-05 -2.661E-GC -2.99E-02
-5.070E-02 1.218E-ll 4.EC7E-C2 271-1
-1.299E-01l 3..O2-1Il 3.3C2E-0S 8.7814E-021
3.09SE-Ol -2.0'41E-01 -,.374E-02 4.1171-r-021
1.786E-01 2535E-01 -5.844E-02 2.'6GE-C2

-354-! -6.057E-C6 E 3.231E-OJS 3.E5S47-02
2.866E-01 -2.041E-01 2.733E-O0 2.7L.2--02
l.224E-Cl -3.535E-0I -5.481E-O02 2.728E-02
1.139E-02 1.086E-L,; -4.913E-01 -4.87SE-Cl
2.494E-01 4.C82E-Cl 3.382E-02 3.T99F-C2
1.868E-01 6.802E-IC -5.108E-0r 9.81CE-03
1.14CE-02 5.065E1 4:90BE-0i -4.879E-0.

L L

(j 9g 8.940 =~ 10.303 wl 10.923 w2 13.966

9.907E-02] -. 3GOE-03 6.370E-02 13.20EE-0 2
5.720E-021 .85CE-03 3.67SE-02 1.85!E-02
1.729E-01. -. ASE-05 .588E-02 E."39E-02
1.076E-01 -2.296E-01 -2.401E-01 -".026E-c1
6.213E-02 3.9F6oE..o -1.285E-0O1 -2.224.E-Cl

q -4.953E-01. Ojc = .964E-CS Ol = -2.605E-01 012 -1.0SE-01
-1.679E-01 2.783E-01 -8.62EE-C2 3.204E-01
-2.198E-01 4554E-02 3.9'44E-01 -1.567E-Cl
.-1.11CE-02 -141-) 5.97CE-03 -9.27EE-C3

-273-1-.86E-01 2.984E-01l 2.270-E-02

-3.55UE-02 -C49E-Cl -2.719E-01 3.56PE-Cl
.41.109E-G2 .1 72E-O2 5.97!~E-03 .921-3



Fr eque nc a r. .> '

Perturbed Cast

Wl 1.342 w2 1.665 wJ3 =2.891 "4 2.957

-3.444E-01 5.429E-01 -4.42!E-02 5.726E-02
5.964E-01 3.135E-01 -2.944E-02 -9.915E-C2
2.330E-06 -1.9J9CE-01 3.788E-?l -1.4E6E-04
-3.107E-02 1.20E~-01 3.J.25E,-01 -1.7EOE-J.
5.379E-02 7.292E-02 i.3 5E-01 ?.0L46E-01

-1.11!E-05 92 9.7S6-2 '. .I'E3 -,0E3
-5.079E-02 i.09BE-O1 2.71-7E-01 -2,36GE-C1
6.512E-02 4.162E-02 1.2'14E-01 a.4o9E-o:
6.380E-02 -6.72SE-02 1.37!E-01 -9.157E-02
-3 .IGIE-02 9 .092E2-02 2 .46EE-OI -. .?SSE-0.

7.656E-02 7.42SE-02 1.72CE-01 3 7711E-C1
6.379E-02 -6.726E2-02 1. 37212-01 9.1492-02

WS 3.398 4.205 W7 4.662 W3 4.75

-1.36912-01 2.7CEE-05 5.57112-02 -. 584E-C 7

-7.905E2-02 2.487E2-11 j-9.647F2-02 -4..320E2-02

-3.441-7-01 6.98612-11 -2 24V-E-0 1. 837E-01.
1.621E--C1 -2.0-j1E-Cl I-3.4407-02 4.701E2
9.35612-02 3.53EE-01 I 5.96012-0

05 -4.9E912-02 9~= 5.160E2-06 P =-2.905E-05 18 3.78117-021
1.620E2-01 -2.04E1C -2.82E-02 3.E71-E-02
7.309E-02 -3.53512-Cl S .E4412-02 3.245E-021

-7.571F2-02 1.003E-04 ~ ~ 4.b"312-0l -4.6912-C-.

1.444E-01 4.08E-510 -3.447E2-02 4 * 8551- C2
1.037E2-01 7.861E2-10 5.318E2-02 1.S5E1-02

-:7.5701-02 6-46210L.872E-~0 -4.EGOE12

W9 8.539 4110 9.251 w1l 10.285 W2 12.905

1.44512-Cl -5.77712-03 1 .594E-0-" 8 36912-O
8.347E2-02 9.96512-03 0.2051-02 4:833E- 2

2.702E-01 13.172E2-05 25(E0 .8E
2.12512-01 1224212-0]. -1.51EE-Oi -4.C5912-
1.22812-01 3.8831L-01 -8.75F,12-02 -2.314312-01

09 3 .2ECE- 0 1  01 4.517E2-05 911l -3.1112E-01 12 -1.611E-0L
-1.414E-Cl I 3.846E20 1.11-01 2.996E-01
-3.096E2-01 3.6811-0*2 3.3112-01-.19-C
-1.504E2-02 j-1.284F-02 9.133E-04 -?.2C1-C3-
-3.389E-01 -2.24IJiK-C1 2.057E2-01 2.EV71-C2
-3.22e12-02 -2.1wOY-01 -3.05@12. 3.304E2-01
-l.5C312-C2 L1.18')-02 9.15312-04 -8.203E2-03



§' 1,) .%,T r i -

I 0 044o -0 .J/4/ U) 96k' -(3 0' 79 " 9 l y

0.069 -0.069 -0.(1 ] :12 0.112 -0.017

3 -0 0.46 -0. 046 -0.21] 0.0,7 0.0/7 -0.271

4 0 .48 -0. 249 0(0 0. 189 -0 1 0.06')

5 0 .3 1 0 .351. -0.049 0 . 0 j6 - .

6 0.289 -0.289 0.8 9 -0.289 0281, -0 289

7 0 .049 -0.049 -0 369 -0. "20 ) "20 0. ")9

8 -0.069 -0.069 0 299 0 ,fl 0 $ 0 .299

9 0 . 31 0.231 -0.25. -0.229 -0 .29 9+3r

10 0 .317 -0 .317 -0. 1 0 .1( 7 -0 "67 - A.]00

11 0.220 0.220 -0 ]/6 . 1./4 0 190 -0' '+6

12 0. 114 0.114 -0.01") .0 ' .0)48 -0.0)3

6)
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f IPkO S.t THES

REAL F37

RE AL rrT 12,12) T ,- (l2:12 ) C 1 (2,12i:,- 1 12 12)
RE--A L A (2,) ,9(12) ,FHLS (! 2,11 ~1?,~
RZEAL C T(, ) 1211),S 119 ) 1 S L1 12J ,(aK R 2 2)

tE AL K CS ~ L ) 3 SG 2 ~L C E(L2L21 ,CT 12, 2)

REAL CTC--(,y :2,i)y:13(1i c f,C (2 12 ,T 1 c,2)

INTEGF, III~ ErjZA,r ( IP)I (1 2N2 M, 7,KID.,t

CMAPL"Y 01j('2) 7( )

UAL C/(i?.3/XT IK-CijL y~,(;4*

C10 A!=:Cf It. u tP

1 ~ ~ CR! Mf ,r N/ aVI(j ,AT S~A ~

P- 4 tI p~JZ 'i i t 0H~ NS NV N * ', t

00 ' ~,
a~l IN I- T IA IL I

* .A P( H) -2 J)7A ( I) J
3 T 9

PR INW " IS X4 ,; Hi 2 IS x c; , 3 E C *0 tqS (f

DO ~ ~ 62=1 N



PfiOGA Ml THZSS 7, CPT=. FTN o1+-2c

C
C

D ij I=1Y2

93 21 r=111;

29 CONT'I E
DEC='EPRT IF "IS IS A DECL.UFLE) RJ, ENTER I ELSE ENTER

RE AD DE^

UNIJT1v' -O*CCUPLE
I F M .El , Ti HT

Pk,INT9 Ft.TE NCNSr • N
RFAD-NC NS INr:

PIINI' EN'iER, "rH- ',NC,' Culi R)LL-J MrOOD-S •
? EAD (IC (I) 1I=1, N)
P:?, l G(I) I!= 91",V)

PRINT9ENTLR TH: 'sNSY ' SLJPFS3-D -ODES >

IF (F.NE. ) THE'
P .iNT> , ENT.k THE ',N -, a E;_SIDJA.. Mt3CES •

PkINT', 9 I 0 LTLTH N .LJ CE

NCO 2= 211'4C

NS 2=.S' 2
N2=2 -t
CALL FO-iXC, (XilhlrT)
'F (Df '. r.. ) L { i X ' ' . i

= 2" :1 2 +NS". +N2,

RE An ,nIrI (0. 0. 1) T P -

P ' .' T4E 1 C,.ITROL 1; IX "3'
CA4LL UrP; U ,-I t~rnC?,iC
CALL Fr,.I (AbL, t.C21,C2)

CaLL FtF-8E, H , ,OiL
C&LL FIN8 (gCt C2,.4CT)

P PT'il FiH C C '], OL EL t 'I I I I '
CALL FO:(CC PHIS, NCrg, NI:)
CALL P;N1 (Cp',S N 4c2)

P R 1!IT-. T-4 S -iJpF-S,:D G I rI [ ' 1
CALL Fnk" A(I C,l'C, I S SI' . .)
C4LL F;HT (A,, L2,.,S2)
PR 114 , 1 4." ! : = J i;Z S' S .R, S 1 1X 1

CA LL Ft- .:(I ,FH , N, 1 I%. fZ.' i ,13)
C.LL 7 , , . ;i

CALL Frm, k(( C, tH I N S ,ti. L1 S)
CALL -f NT (CC OI:1' S 2)
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PRCGIA-' T-4ESIS r4/7, CPT=,., FIN 5.14-Zc

PRINT"' THE A i<E i 'UAL '1Ai .X 13'
CfL L FO ,A(RtC , C I Wq 7., 1 F)

*CALL PNT ( AC, t,rjI2)

CALL FOR6B EC,FHilli-1NREIIA:; I i
CALL FRIJ (C, Ni 29 ,,tCT
P RI'IT' ~H.z C F 7S 1 IJA. L 4IK t 1

CALL FCPrC(CC,FIF ,S, )
C AL L PK.N 7( CC 9 NS N,19 R2)

EN Drir
CA LL Frli 1 3 ,H INCNc ,; C~ I,)
CA LL TFF~, 7 C AC 2 1NACT 12)
CA LL M-U- . , --- A TIN e s
CA LL FO( CI F41SIC ,z2r.qEIr
CA LL IPR (Cl 9CC 4 Z% , 'C,;2I
CA4LL ?'4UL ('- 7 C C,[KN 21 N p r.C 1 LT 3.

PR I N Vt ENTiA THE OIAGDNAL TERI -)R THE W-IGPT-NS PATrIX r >

RE AD'%9A
PRINT' ,k
PkNV,'- 8'Ti THE OSEVEk WL'.:;HIEA DItGLNrAL TE"- l
Pk- RAD -,,F'

DO it:L Izi,fC2

1A(I J) A

4 ~~ Q3, J)

iL GO NTrf.U E
C C, T t u

F C H . - IH

C CALL f -7W A41C, CNC) II

* :ki~ CIP.
I.-=
TOL=#

CfALL rFU (CT ,C NO2 ISC,$% I I Z

CA LL t "LL ( 7u,<T:,DoE,IJ r2)

-* 'IH (TA
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Tili-SIS 41f74 LPT FT.

CA LLF N~T(W9 N z:Ns~~)
CA LL "' UL ( K C3C t',~11 .C K"
C4OLL FofCr(cA2, , 3 914b p 1.32 9, ~,3)
CELL F1 UL (KC E CC 9 I2 NS-,SS
CALL FCljiC(CCr- F~i~1V'~i
C ALL M(JL YOP C, NC Et N,, ~Z,

DD S7 J:1,,C2
A KC ( 9J ) = A cUJ) - KC2IJ

1 F ( 0 tC .E =& 2 rC 2 +2 - iS p- 2
00 91 I1,ht
00 9. t-J

00 9? I=1,14C2
00 92 J=1,NC2

CALLFOt.(CHIN,,, JCZ
CA LL 1FF ( BT 30 ,.2 NA C" 9
CALL V,!UL (P T,:;[r i=Tp : 2 9,-0 z 9G I14)

DD 77 JZ1,N%

CALL * UL ( C, C-Al N1C 2 9 i-CTi C2, 3~

f CA LI FOFQ- 8(~ ,C NS i.9 NS-. ,,L 1.,3)
0a LL ''UL (:" pG 1 4 9 NR2,1'j C NL2,3 3)

L= 2" "C
rio 93 I=-sc
00 93 J=IoCZ

93 iAJ!!(I (j4-C2j)= 3C0(Ij)

00 i 1,2

00 9. - zilr.Ca

D 9;" Ji10E2

.00
i 4 (1J'1((+]) i JG(i9J

COILL FC)FJA(

DiO 9? J= q*1'

m= L +!

3! "1 PI QI+"') v ( j' + ) AC(I ,J)
Jo 3± L =1,ItNi

P! 1 ~(+1, (J+7)
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DO 4' 1 =1,NR2
00 4 JitC

IL MA Jhi(J+4C2) 9(1+ 6

CA LL FOFP'M(j-,, W y NS NS2 i!Y)
CALL ror,? 2(ECPHI , W3 NSNt C1 ,13)
CA LL TcR(B 9iS214C

I FC~C (1*- CA LL -lJ , l Sj T9N ~T

CA LL 1, &( 2 9 C , ISflT . :4 C IA F.,2IE 9:)Z
CALL TFKT tC 114 2 qNS29 12)
CALL FOFYC (CCI PHIS IN SI.2 9,, N91
CALL TF iIC N --AjN 29.
CALL MM1UL ( CT,9C C 9,S32 9 SEv9N',-Z ,LT)
CALL tF~ r. 2G kTC L l 3 TLI R)

M= 2*.4C2: ~ DO 41 Z19,rS2
00 41 J=19NS2
MAJ-4((11 +!), ('I+J)) A 3G2 ( 1,J)

CALL V-L P3 S.q4EI EKI
CA LL TFF( KCEKT:,J ISk,!N3 -;, ., 2)

C KO I;3 "10W TPE v GAIN MPTrK.,Y F.C St3T,'E -2
4=
CA LL FrOftC,(CC,9 P-HS--3 r C N L !.S : r,
CA LL P" UL ( KC E jC-i r?,1tlS 11, 9C L,9;<
D0 4i2 1=19,NS2

00 4-- J1,C2

C VLL t.iX (J-T , 1 , p' 4 r624
*~ ~ C, 73 1=,~

IF (7"e . 1 l* .

CALL !"-U- (1 ,G I. 2,1Z ,N4 ,I 1ssrR

CA LL 01'-'U (i ,~ .lNACTC 'i Z, 4
F.N C1
CALL r~' ~(LCHCC,, ch
CALL ( t , .I J2,9 'A Ll, 9 Z 93%

D: 0 4 7 iy:C
00 43

IA JM Q, (%+J)) = ".G(:,J
43 lA 1 (7' ('+E + J)) (I ~C C J

CA LL OPAUL (E-CGIm.2,JS2r AT, t.SZ,33?,)

Do I

A. & - + -
-



PROUA -EI 74/74 CPT=.FI 591+t2.

4~AJ'((ii+J),i+G)) = k>('-Ji)

CA LL FQKUL' t 4Kt,,

*CA LL FrthMC (C G P41 3 ;Nk ,2 -- R)
CA LL H"!UL (I'lCC, S 91JN,. e 9K;R

DO 4~ J=:,N4S2
MJM( (M+I) JZa't2)) = kA-J

CA LL Plti~A Ac , 9C, p N7 , Nl-2,IF

47 MA JM (i+i+ J)) AC ( IJ)

I F (r)7C. ,E.)M' 44C2 2N N
C
C
C FO:RMS L 10 TH-E AT
C
C

IF (77o Lfl.) THE'N
PRIMT- I 1H s SU? .ESSED ttl;LYSIS tS CA.L-ULiF1E1To

P ,INTb, k FOR THr T17 ' ".F cJ*5- 44 ~'A) LICNALLU t!LYSIS
PR -r4T, Ot 0LY TH. L .~J~~ALYzlE -- L 2

IF (KIVT L)2) TH =-N

GOTO 21

-:aT' (ItJ)=

4DcK(7, J) ="tJI (79J) ',D-

* LLI

11 zi CON.- 119i

* . * LL :L LIH

0:) il! IidM9

IF (I. IZ U~ 1T2 (4. J) -EAT1 G, J) GI f r.) T HEN

0 IV" i~ K=;., i m
r:4 Ti. (L K) =L/-TZ (L, K

- ~67 - -
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Pl OG AMi THE-SIS 74/7t, CPT=. FTN e-o+5:

Iii CO NT lNUE
C
C
C THE SCLU710N To E TJ) THE A, 6.S [4 £Ar2
C THIS FLOCK UrT'-MII'-lj=S Ti-i LiLs 44I3 zINTS TH1S V L.r EVI'-Y 2.. S.:
C

* C

CALL' Fr'.X0MXtiJIT)

CALL FOFIXlAXCI, LT)
EN DIF
CALL TIME -( -A2,M,DT~XifX ,LDEEar,4QPK,D-C)

21L C UNTI\NU E

C
C EIGD4 VA'LUE kt.ALYSIS S:ZTION,,

CALL
C
C

PR INT P CV-F ALL SYST~A c~1GLN VI..JES'

CALL EIG , F(tCE,.AC22NOIM,. qW~ ,TEWjNi1ST)FIt:Rd
PRIN~~s EIGENVi.LU:. J: A; + 3^ ;

0317a 9 I i~ = ,I

9' Pk NT-19 1
PR1.IJg&O EICGZJV.ALIJES Or 4~C - Kj

DO l Iiqt.C2
E , Pk IN-::: 9,4 (1) s~EM'

I F ( 0 C E.) T HE

C 4LL El G k FI ~G 2 0,- ,~, El, qZA9 93 17 E
P\,INT",

P: ' NIT tWi (I)

Pi.INTlr, 8 ElGt4L!JES DP - K'4 s3r L ?
CALL :GkF(AK20,2, N01-49 ,W: ,1E.N, UM1-1 9. 1~3

-*E6 P:I'17",1 , 9w i CI

jF(7 7 SO.'A) GOT C 2
CA L t F011rl'C(CC, FH - $-s J-s2 9 Is t,qr)

*Pm N;E! -N S
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PROGIA- ThS L/7* CPT=,FN Ool.2

IF CF.Llei) THEN
00 1 1 l=!qt'SN

EL SE
00 iJ)S I 19,NS N
go i9 J:1,F

CALL FPN1 (TF I E P)
CALL
P: IN7-, c 51
CA LL FPJJT (-- TR,"NS2 9:)
Pk It47-,' iHr Si'"G UL AR V 4 LUE S
CkLL Fr-N T I N5 'N , 1)

CALL K'1UL Y aTTR,?,NIS EN, t 1)
CALL G-A 1!<*V ( F, - T , - I.7 ,J, Y* z-
CALL F- F-1 C (C G, PH T 3,'C,01'i2,.,X
CALL I FC(CTpC C , NS NC, : 12
CALL PIUL (TR ,CC, 3,!JSEl, 4C2' C-1)

CA LL IUL ( C )T v,2 P, C ")

CA LL H-IUL (Si WTCCy tNC2 P ,'c L j Z-
7=
I F Q)0ECo Er.f THZN
CA LL FP1, - H 4,N 2,toLip-
03) 7 i=, ,C,

71 7~ J J tACT
71 V ( 1J) E= UI +1C) ,J)

CA LL UL VDF (V K.->', C , 97 ,? r.,rD ' , -1 9 I NG,9S I

I F(E o I 1 5H t:

Tj 'A It1) = V i ,t.ACT)

~L SE

0P7I~, 9 14 G- TI:UA VLE

00 L7.' 2 J= ,

K CA LL rRT N 4, 0iS, T.,:
P~z . 69
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PRCGUaAh THESIS 74/74 OPT=L F N I l-_

CA LL tAMUL (P! T 9 TORyNS21 sAC, 9 S2) 333T)
N DI F

GOTO V
2r. C 0NT]JUE

PRINT, THE CHECK FOR. LiINLAR. '4130NATI~t.S 0,' ZONTRO0L'
L~t;S+l

-1=IC(I
* CALL FORt-C(CC, FHIS ,!ISNS2 ?1'S-i, )

00 3 1 K=Ii:S

0L3 1 vK CE e

00 3 2 J=19Isr
3&-2 V(JL) = P4t> 0J)

CA LL LzEV'-F (VsN2 NS LN, LLJ.,l 91 ,19 S:N3 CK, R)
PkINP 1 8 THV GINV"CL ~P~USE)' ['1 THE GHLCKI

PkINTP, Z iNGULMA. VALUL-S~'

IF (DEC.Efl 4 2) H
L = NC +2.
DO0 3 -- Iil ~s
1 IS (I)

CALL FEf t'3 ( G, FHiN, tc ,Nt4C c 1
DO 3 b K=1,tC
00 3 1 E =I, IA C

34L V( K, 9c = (CK +1c),)
DO 3 F J=19 .AC~

- '(L, )= i2(IJ)
*CA LL L SVC FV ,411 -,L , N eT 10, f!Dl m s! NS C- C,-,~

P~z I , 1 - CONTROL '00cuS USE) 14 !H--- >WECK'

O~IN~lI i ~GI VALJ-S'
3, C4 LL 2,~ N L,1

p R N i 1 0 CHn'4G'- TH;- W;- 1 7P.I'1,N '1 ATi TE '

P.NT&, iu f A.~~.t.C-E Cl. -1: '.: F,, Cs~OMY

P IN' T T --t 1:A.AT E T~ I u. L fUi-q 3>

GO7O 12'

GOTO Z'A-

MA P-- (L f'=
.ORE3SSL,-------- -----T-Ic- -- --------.---- 4' SS

Ri RE tL ACT7
- 3 L Avc 31. £

I T5 tH R E A I -4 5
~bi 1 REA- 144. pC
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FJSRU U7IN T I -1.t4/7., CPT ,. FTN I 2

SU KOUT! .N I I tL' E T2 '!..T , X .9 X q 1 E) A r WOFKDEC)- ~ ~~~~CO 4MHj t:& 11-,A /N LA ,IZA1 '

CC) O LO /S f V:/T ( i . TS (I. ;)
COMM )t /, UrI/IG,( 2) :3( 2) 9 , 2) , '4:p. '43 1 N

REAL XO( .GT) -TE fif) A [.,.");4.. OT MC 0 2 .,
REAL WOjF.K ( t,[A D JA) A AA, 7 ,X.. (r,)INTEGE-; w',CEC ,Z'1 N-TE C 7
N=:1

I KK~f

AK=

2 . 3 CO NTHEE

21 0 NT 1 V

KK"i
Ck LL V'IUL FF (E-412 , Xu M.9 , , , ., <1 I E= )

i 3 XO( ) :I 1 ()

J= IC (I

IF(('4kUT .EC.,.5 ) THEN

A = I + "95
DO 2.2 K:1 2
A4 =,.' .;T
IF(Q EC, EO,. T HE 1
DO 2" ":1=19IX

J= IS (I)
42 : = .A+ 0, O E(K J) X I (I + C-k

CO 2 f I=I fS
J= IS (li)

ELSE

-T 
LL 

S= 
A.

*J3 21. lIL,C

.71 2t1 N

,J= lc (1)
Al A = AA + "CG- K J b X ( 1)
00 2-'2 zI:t S
J= is1)

212 "A = t A + Y.U E (K,) j X I(I + No* )

T ( N) AA

2, z CO T'J UE
Z F A .C .; 2 .. , ) G O T O 2 1 "

GCTO 2 3

OTO 2' 1 .

217 C ONT T.IU E

Pk-NT-9 im ' EX y

9 : '] Al ZY= i X F4L F
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rZE AL t C f~r I' ,IJAMC 1) v W( I Z) , 0 (:L.
NTEGE; rC(t,) ,ggt4

00 1 1 9 fl?

Do I J=!.,N

CONrut'JE-
DO 2 11,'J
'4 I1 (1)

A( ~ ~ .+ (I0): -((M)~2

2 C ONT I .I E
RFhTU :t:

.JPPOUTINz FOCVC ?L/74 CPT= FTN !I.+ 2~

REAL 9CJ~rL1 PHS(\ 2,E1)

0(1 J= 2

Do 2 J= I , N

-: Ic (J)

cc ( ; PHU 4

2 O 2 0 N f

JO 2 J=o1,r
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JSROUTIN - FC '' Xi~ 74./7. CPT CT N

SURROU~it E F Gz' IX 1(XOINIrT

00 1 I= I14Z

XDU+= I C D

X3 (I tt t-~.) lilT (, ')

XD Q -?, N =IT ITM)

M= IS QZI

3 XD (1 +tjL# 1, +tS J) = A I J 2 (li *.

r) 1I1)N:

XC (I) t,,' NS 111
3 XD(4Z Q +t,, IT(2,' -140 I)

O o I+c~ ==1 1

LiC. (1 +: = I t.I ,M

2 XC (1I+tCk 2+) =INIT ( ,71

F= , (I)

X3 UI + t 7, 1 N!4: ~ )~ T C~

SU 171 ll 1 r~ r

0C A4. 1=1,
* ( F2. , MT (3, J), 1:1,1)

I N7
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